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Abstract. We provide calculus rules for global approximate minima concerning usual operations on
functions. The formulas we obtain are then applied to approximate subdifferential calculus. In this
way, new results are presented, for example on the approximate subdifferential of a deconvolution,
or on the subdifferential of an upper envelope of convex functions.
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0. Introduction

The concept of approximate minimum is very important in optimization for theori-
cal as well as practical reasons. For example, due to some imprecision on the data,
the question of finding optimal solutions of the problem

minimize a real function f over the set X
may be considered as solved if we are able to produce elements = of X such that
x € e-argmin f :={z € X : f(x) < igl{ff—l—s}

for € > O sufficiently small. On the other hand, the advantage in dealing with
approximate minima of a minorized function f, is the nonvoidness of s-argmin f
for any £ > 0.

In the first part of the paper we give some elementary calculus rules for approx-
imate minima. The results we obtain are shown to be applicable to subdifferential
calculus in the second part. This is not too surprising as approximate minima and
approximate subdifferentials are linked together by Legendre~Fenchel transform.
However, the notion of approximate minima is intrinsically more general than the
one concerning the approximate subdifferential. The reason for this is very simple:
defining approximate minima on X does not require any structure on the set X. Let
us compare in details these two concepts when X is a locally convex topological
space (£.c.s.) paired in separated duality with another ¢.c.s. W in such a frame,
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which is the more natural for dealing with Legendre-Fenchel duality theory, the
conjugate of an extended real valued function f : X — R is given by

ff(w) = sup{< z,w > —f(z)} forany weW.
zeX

The conjugate of an extended real valued function on W is defined in analogous
terms. The biconjugate of f is then f** = (f*)*. It is well known that, for a proper
function f : X — R (proper means f is not identically +oco and never takes
the value —c0), f = f** iff f belongs to the set I'g(X) of lower-semicontinuous
(£.s.c.) proper convex functions on X. Givene > 0, and a function f : X —» R,
finite at , one defines the e-subdifferential of f at x as follows:

Oef(z)={weW:VueX: flu)— flz) 2<u—z,w> —¢c}.
Without further assumptions, one has,
O f(x)={weW: ff(w)- <z,w>+f(z)<e}. (1

Of course, a similar notion does exist for functions defined on W.
On the other hand, the e-argmin of an extended real valued function ¢ on a set
Z is defined, when m := inf,cz ¢(2) € R, by

g-argmin p = {z € Z: p(z) <m+e}.

If m=—o00 weset e-argminy =@ foralle > 0, and also r-argmin ¢ =
(resp. O, f(z) = @) forallr < 0.
For any z € f~}(R),w € W, the obvious relation

z € e-argmin(f~ <,w >) <> w € I f(x)

gives a first connexion between the concepts of approximate minima and approxi-
mate subdifferential. When f— <, w > is minorized we also have

g-argmin(f— <,w >)={u € X : f(u)- <u,w>+f*(w) <e}, (2)

a formula that may be compared with (1).
Notice that the implication,

x € g-argmin f =z € 8, f*(0),
is always true, but the converse,
z € 8, f*(0) = ¢ € c-argmin f ,

is true if and only if f(z) = f**(x); this condition does not systematically hold in
the application we have in view. However:
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PROPOSITION 0.1. Let f : X — Rand x € X be such that

—00 < f™(z) < f(z) < +00.
Then, setting 6(x) = f(z) — f**(x), we have, foralle > 0,

O.f(x) =0 for e€l0,6(z)
Oef(x) = Oe_p)f**(z) for e2>6(z).

In particular,

T € e-argmin f <= = € O, _5(c)f*(0) .

Proof. Forallw € W, w € O f(z) iff
fw)> f(z)+ <u—z,w> —¢, forany veX.
As f and f** have the same affine minorants, the line above is equivalent to
™ (uw) va(:v)+ <u-—z,w>—¢= )+ <u-—z,w>—c+8x),

forany ve X,
that is to say
w € O, _s(z)f " (2) -
For the last equivalence we have, as f* = f***,
0 € 0. f(z) = Oc_s(z) f(z) <= 7 € Op_s(0) [*(0) . n

The next proposition shows explicitly that the problem of computing an approxi-
mate subdifferential is reducible to an approximate argmin problem.

PROPOSITION 0.2. Let f, z, and 6(x) as in Proposition 1. Then, for any € > 0,
O:f(z) = (e — 8(x))-argmin(f*— < z,. >) .

Proof. For each w € W one has w € 0:f(x) = 0, _s)f™(x) iff z €
ae—&(m)f*(w)’ iff 0 € ae—é(m)(f*— < z,. >)(’LU), iff w € (E -

8(z))-argmin(f*— < z,. >). -
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1. Calculus Rules for Approximate Minima

In this section we give formulas concerning the approximate minima of usual
operations on functions like sum, difference, composition, inf-convolution, decon-
volution, upper envelope, lower envelope... To this end we shall use some notations
and properties.

The addition (resp. subtraction) of extended real numbers will be taken in the
following sense:

Va,b€ R:a+b=+oo whenever a=400 or b=+

(resp.a —b=a+ (-b)).

When dealing with inequalities, we systematically use the following properties
(118] p.118), valid for all ¢, b, ¢ € R. .

a+b<c < Id,ecR: a<d, b<e dH+e=c (3)

a+b<c <= 3Id,ecR:a<d, b<e d+te=c. 4)

I, moreover, ¢ and b are nonnegative, then d, e above can be c_hosen nonnegative.
The domain of an extended real valued function ¢ : Z — R is denoted by,

dom ¢ = {z € Z: p(z) < +00} ,
while,
E(p)={(zr) €ZxR:9(z)<r},
will be the epigraph of .
1.1. A DIRECT APPROACH
We begin with approximate minima of a sum of two minorized functions.
PROPOSITION 1.1. Assume that the functions,
0, :Z — RU{+o0},
are minorized on the set Z, and that ¢ + i is proper. Then, for any ¢ > 0,

e-argmin (¢ + 1) = U er-argming N ey-argmin 1
£120,e92>0
e1tey=e+y—a—pF

witha =infz ¢, B=infz ¥, v =infz(p+ ).
Proof. Observe thaty > oo+ . Forany z € Z, z € e-argmin(y + 1) means

pz) —a+Y(z) —B<e+vy—a—-0.
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As ¢(z) — o and ¥(z) — ( are nonnegative, (3) shows that the line above is
equivalent to the existence of €; > 0, ¢ > 0 suchthate; +ey =e+y—a—p,
and (2) — a < e, ¥(z) — B < ey, that is to say

z € U g1-argmin ¢ M ez-argmin ¥ . -
£120,6220
eitey=ety—a—p
The computation of the approximate argmin of a difference of functions involves
the difference of sets: for A, B subsets of Z we denote

A\B={2€Z:2€A and z¢ B}.

PROPOSITION 1.2. Let p,¢ : Z — R U {400} be proper. Assume that ¢ and
@ — Y are minorized on Z. Then, for any € > 0,

g-argmin (¢ — ¢) = ﬂ U r-argming \ (r + o — § — § — n)-argmin ¢ ,
n>e r>0

witha =infz ¢, p=infz ¢, §=infz ¢ — .

Proof. Let us note that ¢ is necessarily minorized with oz > 6 + . Let z be
any e-minimizer of ¢ — 9. For all > € one has ¢(z) — ¥(2) < 7+ 6 , so that
(p(z) —a)+(B—9(2)) <n+6+8—a By (4)thereexistr,s € R such
that o(z)—a<r, f-y(z)<s, r+s=n+6+B—a Now,ris
necessarily positive and we have

z € ﬂ Ur—argmingo\(r+a—ﬁ—6—n)-argmin7,b:=S.
n>e  r>0

Conversely, let us take z € S. For any n > ¢ there exists » > 0 such that
¢(z) < a+rand Y(z) > r+a— 8§ —n, so that p(z) — ¥(2) < & + 1. Hence
w(z) — P(2) < §+ ¢, that is, z € e-argming — . .

Propositions 3, 4, and 5 below concern two important classes of functions: com-
posite functions and marginal functions with explicit or implicit constraints. Here
X is another set, G : X — Z an application, and I': X = Z a multiapplication; to
each function ¢ : Z — R U {400} are associated the composite function,

poG: X —-RU{+o0}, (poG)(z)=p(G(z)),
and the marginal function,
¢r: X = RU{4+o0} o¢r(z)=inf{p(z): 2 €z},

with the usual convention inf § = +oco. We note G~! (resp. I'"!) the inverse
relation of G (resp. I').
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PROPOSITION 1.3. Assume that ¢ is minorized and dom o N G(X) # 0. Then,
foranye > 0,
e-argmin ¢ o G = G~ !((e + B — a)-argmin ) ,

witha =infz o, f=infxy o G.

Proof. First we note that —00 < a < § < 400. Then, z is an e-minimizer
of po Giff p(G(z)) < B+ ¢, 0r p(G(z)) < a+ B —a+e¢ or G(x) €
(e + B — o)-argmin ¢, that is z € G~!((e + 8 — a)-argmin ¢). -

PROPOSITION 1.4. Assume that @ is minorized and dom ¢ NT'(X) # 0. Then,
foranye > 0,

g-argmin @ = ﬂ I~ ((y — o+ n)-argmin ¢) ,
) n>e

with a = infz ¢, v = infp(x) .

Proof. Here we have —0o0 < a < 7 < +400. Moreover, z is an e-minimizer
of or iff for each > O there exists z € I'(z) such that p(2) < vy +e+n =
a+'y-—a+e+77,iffa:6ﬂn>0I‘“1(('y—a+s+n)—argmin<p). -

When no explicit constraints occurs, that is when,
z) = inf F(z,z
f(@) = inf F(z,2),

with F : X x Z — R U {400}, Proposition 4 can be applied by putting F' instead
ofpandT: X = Z,T'(z) = {z} x Z. We then obtain, denoting by P the projection
of X x Z onto X:

COROLLARY 1.5. Assume that F' is proper and minorized. Then for any ¢ > 0,

g-argmin f = ﬂ P(n-argmin F) .
n>e

Proof. Here,infx f = infxyz Fand P =T"L. .

Another formula is needed when we are faced with the following situation: (;);c
is a family of proper functions ¢; : Z — R U {+oco} indexed by I, an arbitrary
nonvoid set. We will express the set of e-minimizers of ¢ = inf;¢1 ¢; in terms of
approximate minimizers of ;. Let us set

o; =i%f<pi forany €1, a=igf<p.
Then o = inf;c1 ;. If  is minorized, that is if the ¢; are equi-minorized, the set

Im={iel:a;<a+n}
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is nonvoid for any n > 0.

PROPOSITION 1.6. Let (¢;);c1, ¢ = infier @5, (i)ier, a, and I(n) be as above.
Then, for any € > 0,

e-argming = [ ) U (o — o + m)-argmin ¢; .
n>e  iel(n)

Proof. Foreach z € Z, the following lines are equivalent:
z € g-argmin ¢
Vp>e Fiel:pi(z)<a+n
Vn>e Fiel:ze€ (a— a;+n)-argminp;
Vn>e Fiel(n):ze (a—a;+n)-argminp;

z € ﬂ U (a — a; + m)-argmin ¢; . .
n>€ sel(n)

The presence of «; in formula above may be avoided, at least for ¢ = 0. This fact
is a mere consequence of

LEMMA 1.7. Foralle > 0:

ﬂ U n-argmin ¢; C e-argming C ﬂ U n-argmin (; .
n>5 i€l(n) n>e  iel(n)

Proof. Assume that z ¢ c-argmin ¢; then there exists > /2 such that
©(2) > a+ 2n. Now, for any ¢ € I(n), pi(z) > ¢(z) > a; +n, so that z ¢ -
argminy;, and the first inclusion is proved. To prove the second inclusion let us
consider any 7 > €. Then, for all z € e-argmin ¢, we have ¢(z) < a+ 7 and there
exists ¢ € I suchthat a; < ;(2) < a+n=a; + (@ — ;) + 1 < o; + 1, so that
z € m-argmin @;, with 7 € I(n). -

In the particular case £ = 0 we get:

PROPOSITION 1.8. Let (‘/’i)ie 1 be a family of equi-minorized proper functions
onthe set Z, ¢ = inf;cr ;. Then,

argmin ¢ = ﬂ U 7-argmin @; .
>0 i€l{n)

In the case when,

Vze argminp, i €T:p(z)=pi(z),
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we have,

argmin @ = U argmin ¢; ,
i€I(0)

where, foranyn > 0,
I(n)={i EI:iI%f ©i gi%f<p+77}.

Proof. We only have to prove the second formula for which the inclusion D is
clear. Let us take z € argmin . By assumption, there exists ¢ € I such that,

inf ¢; < ¢i2) = p(z) = inf ¢ <inf ¢; ,
hence, i € I(0) and z € argmin ¢; . .

We now consider the case of an upper envelope ¢ = sup;c; »; where ¢; : Z —
R U {+oo} is proper and minorized for any ¢ € I:

ViEI:iI}fwi:aiER.

We assume that 1) is proper; hence,

400 > a:=infyy > supa; :=4> —0.
z i€l

Letustakee > Oand z € &- argmin 7). We then have,
vi(2) Ca;+e+a—aq forany i€,
so that,

z € [ (e + @ — a;)-argmin p; .
i€l

By introducing for each n > 0 the nonvoid set,
In={i€IIai2ﬂ—77},
we easily see that,

z € ﬂ ﬂ (e + @ — B+ n)-argmin ¢; ,
>0 i€l

so that,

e-argminy C ﬂ ﬂ(e+a—-ﬁ+n)-argmingoi.
>0  i€l,
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In fact the converse inclusion also holds. To see this assume that z ¢ e-argmin
1. Then there exist ¢ € I and § > 0 such that ;(z) > a + ¢ + 6. By taking
n=fB—o;+6wehaven > 0,4 € I,,and ¢;(2) > a;+e+a— L+, sothat z ¢
(e + o — B+ n)-argmin p; .

Hence we have proved:

PROPOSITION 1.9. Let (@;)icr » ¥ = sup;c; @i, @, B, and I, be as above. Then,
foranye > 0,

e-argmingy = (| () (e + a— B+ n)-argmin ¢; .
>0  i€ly

Up to now, Z was an arbitrary set; let us supposed that Z is endowed with a
structure of additive group.

For any proper functions f,g : Z — R U {+oco} the inf-convolution ([18],
[21]) of f and g is given by

(fOg)(2) = inf f(z—u) +g(u) forany z€ 2.

A kind of inverse operation to the preceding one has been introduced ([11], [17],
...) for solving inf-convolutive equations:

find ¢ €R°  suchthat gOE=f.

It has been shown that such an equation admits solution iff the deconvolution of f
and g, namely

(f89)(z) =sup{f(z+u)—g(uw) :u € domg}, Vze Z,

is one of them. Geometrically, the deconvolution is linked with the star difference
of sets. Recall that, given two subsets C, D of Z, the star difference of C and D is
defined as follows,

CiD=(C-2={z€Z:2+4DcCC}.
zeD

It is known ([26] Prop. 6) that the epigraph of f B¢ coincides with the star difference
of the epigraphs of f and g¢:

E(fBg) = E(f) - E(g) .
Also,

domeingomf:domg.
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Then, one may imagine that the approximate minima of f B¢ can also be expressed
in terms of the star difference of the approximate minima of f and g. The proposition
below makes this idea more precise.

PROPOSITION 1.10. Assume f,g : Z — R U {400} proper, minorized. Then for
anye > 0,

g-argmin fHg = ﬂ (e + @ — B+ n)-argmin f z 7-argmin g ,
7>0

with a = infz fBg > infz f —infzg=0.
Proof. 'We apply Proposition 9 by putting

I =domg, ¢u(2)=f(z+u)—g(u) forany u € domg, z€Z.

Then ¢ = fHg, I;, = n-argmin g, A-argmin ¢,, = A-argmin f — u for any A > 0,
and we have:

e-argmin fBg = ) (| [(e+a—B+n)-argmin f] - u
>0 uEn-argming
*
= ﬂ (e + @ — f + n)-argmin f — n-argmin g . -
n>0

Of course, Propositions 6 and 8 can be used to compute the approximate minima
of an inf-convolution (or epigraphical sum). Such a question has been considered
in [3] [1], where some estimations are given. Here we give exact general formulas.

PROPOSITION 1.11. Assume f,g : Z — R U {+oo} proper, minorized. Then,

argmin f g = ﬂ n-argmin f + n-argmin g ,
7>0

where + denotes the algebraic sum of sets.

Proof. Apply Proposition 8 by taking I = dom g, ¢,(z) = f(z — u) + g(u)
for any (u,z) € dom g x Z. Then ¢ = fOg, infz ¢ = infz f + infz g,
I(n) = n-argmin g, n-argmin @, = n-argmin f + u, and we have:

argmin flg = ﬂ U n-argmin f + u
7>0 uEn-argmin g

= () m-argmin f + 7-argming . -
n>0

Due to the special form of the inf-convolution, we have, for ¢ > 0, an improvement
of Proposition 6:
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PROPOSITION 1.12. Assume f,g : Z — R U {400} proper, minorized. Then,
foranye > 0,

g-argmin fOg = n U 61-argmin f + 6;-argming .

§>g 61206,20
51+52=5

Proof. Recallthatinfz; fOg = infz f+infz g. Now let z be a e-minimizer of
fOg,and § > €. Thereexistsu € Z suchthat f(z—u)+g(u) < infz f+infz g+
6,orf(z —u) —infz f + g(u) —infz g < 6. By (4) there exist 6 > 0, 6, > 0
suchthaté; +6, =6, 0< f(z—u)—infz f <&, 0< g(u)—infz g < & so
that

z=(z—u)+u € b1-argmin f + 6,-argming ,

z € ﬂ U 61-argmin f + §-argmin g .

6>£6120,6220
51+52=5

Conversely let z be as above; then for any 6 > ¢, there exist §; > 0, 6 > 0,
& + 6, =6, 21 € 61-argmin f, z, € d,-argmin g such that z = z; + z; hence

(f09)(2) < f(21) + 9(22) <61+ & +inf f +inf g =8 +inf fOg,
thatis z € 6-argmin fOg forany é > €, sothat z € e-argmin fOg. .

In the case when the inf-convolution fOg is exact, that is for any z € Z there
exists u € Z such that,

(fOg)(2) = f(z —u) +9(u),

the previous formulas can be simplified as follows (see also [2]).

PROPOSITION 1.12 bis. Let f,g : Z — R U {400} be proper and minorized.
Assume that f Og is exact. Then, for any € > 0,

g-argmin fOg = U gr-argmin f + ep-argmin g .
€120,6220
€1teg=¢
In particular,

argmin fOg = argmin f + argmin g .

Proof. As fOg is exact, z € Z is a e-minimizer of fOg iff there exist
u,v € Z suchthatu+v = zand f(u)+g(v) < infz(f O g)+e or, equivalently,
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(f(uw)—infz f)+(g(v)—infz g) < e.By (3) this is equivalent to the existence of
€1 > 0,62 > 0 suchthat e;+e; =eand (f(u)—infz f) < e, (g(v)—infz g) <
€>. In other words:

zZ € U e1-argmin f + e;-argmin g . -
£120,620
51+52=5
We now give a result of topological nature.

PROPOSITION 1.13. Let Z be a topological space, ¢ : Z — RU{+oc} proper,
minorized, ¢ the lower semicontinuous regularized of ¢. Then, for any € > 0,

e-argmin @ = [ | c£(5-argmin ) .
8>¢

Proof. Letus set m = infz ¢. As p is the greatest £.s.c. minorant of ¢, we
have m < @ < ¢, hence infz P = m. We then obtain,

c-argming = {z € Z:9(2) <m+e¢e} = ﬂcﬁ{zGZ:go(z)Sm—l—é}
6> :

= ﬂ cf(6-argmin ) . .
>e
We end this section with a result concerning the minimizers of the £.s.c. convex
hull of a given function. Let f : R™ — R U {400} be a £.s.c. proper function that
we suppose coercive in the following sense,

Je>0, FeeR:f>¢|l]|l —c. (5)

This assumption ensures that the asymptotic function f, of f, that is

v
w(u) = liminf ¢ (—) forany e R",
f ( ) (t,v)—(04,u) f t y

satisfies
argmin fo = {0} (6)
Indeed, (5) implies foo > €|| ||, and, as fo(0) = 0, we easily get (6).

Now, let us consider the biconjugate (or closed convex hull) f** of f; the
function f being £.s.c. and epi-pointed in the sense of [4], we have by ([4] p. 18),

argmin f** = co argmin f + co argmin f, (7
and by (6),

argminf** = co argmin f .
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Hence we have proved:

PROPOSITION 1.14. Let f : R® — R U {400} be a proper L.s.c. function
satisfying (5). Then,

argmin f** = co argmin f .
1.2. THE USE OF A DUAL VARIABLE

We return to the problem of finding the approximate minimizers of a sum, yet
considered in Proposition 1. In this proposition ¢ and ¥ were defined on an
abstract set. Here we suppose that they are defined on a {.c.s. Z paired in duality
with another £.c.s. Y, but we don’t retain the fact that ¢ and v are minorized: we
just assume that ¢ + 1 is proper and minorized, and set

m= irzlf(cp+'¢1) .

To each y € dom ¢* N (—dom ¢*) := A, we associate the nonnegative real
number,

6(y) = ¢*(y) +¥*(—y) +m .

Let us consider ¥y € A. An element z of Z is an e-minimizer of ¢ + ® iff

[p(2)= < 2,y > +o" (Y] + [Y(2)+ < 2,y > +Y* (—y)] < 8(y) +¢.

Each function of z into the brackets admits zero for infimum, while the infimum
of their sum is §(y). Applying Proposition 1 and (2) we get:

PROPOSITION 1.15. For any functions @, : Z — R U {400} such that o +
is proper and minorized, we have for all ¢ > O and all y € dom ¢* N (—dom p*),

e-argmin(p+9y) = | er-argmin(p— <,y >)Ney-argmin(y+ <,y >),
€120,e920
51+1£2=E-2H5(v)

where §(y) = ¢*(y) + ¢*(~y) +infz(p + ).

A classical way to obtain the existence of 7 € A such that §(7) = 01is to require
the convexity of ¢ and 1 together with the continuity of ¢ at a point of dom 1
([20]). In such a case:

COROLLARY 1.16. Assume that @ and ) are convex with o finite and continuous
at a point of dom 1. Then there exists § € dom ¢* N (—domy*) such that, for all
>0,

g-argmin(p + 1) = U e1-argmin(p— <,7 >) N ey-argmin(y+ <, 7 >).
€120,8,2>0
g1+eq=¢
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In particular, for such a7,
argmin(p + 1) = argmin(p— <, >) N argmin(y+ <, 7 >)

A similar approach may be used for the approximate minimizers of a difference
functions ¢ —1, with ¢ —1) proper and minorized. Following Toland—Singer duality
scheme ([23][24]), we associate to each y € dom ¢*N dom ¢* the nonnegative
real number,

54) = ¥ (v) — ¢"(v) ~ inflp — )
An element z of Z is a e-minimizer of ¢ — ¥ iff,

[p(2)= < 2,y > +¢"(y)] — W(2)— < 2,y > +P*(y)] < e = 6(y) -

Taking into account the fact that both functions of z into the brackets have zero for
infimum, while their difference admits —§(y) for infimum, Proposition 1.2 and (2)
give us:

PROPOSITION 1.17. Let p,% : Z — R U {400} be proper functions such that
© — 1 is proper and minorized. For any y € dom ©*N dom ¥* and any € > 0 one
has,

e-argmin(p — ) =

N U r-argmin(p— <,y >)\ (r + 8(y) — n)-argmin(sp— <,y >),
n>€ r>0

where §(y) = ¥*(y) — ©*(y) — infz(o — ¥) .
When ¢ € T'9(Z), 6(y) may be chosen arbitrarily small for:
inf{é6(y) : y € domp* Ndomy™} =0  ([23] [24]) .

Moreover:

COROLLARY 1.18. Ifthereexistsy € dom*Ndom 9* suchthatinf z(p—v) =
V*(Y) — ¢* (), then, forall e > 0,

e-argmin(p—9) = (| |J r-argmin(p— <,7 >)\(r—n)-argmin(y— <,7 >) .
n>€ r>0

Let us now consider the case of an affine composite function. Here (X, W)
and (Z,Y) are two couples of paired £.c.s., L : X — Z a continuous linear
application, L* : Y — W its transpose, zg € Z, A(z) = zo+ L(z) foranyz € X,
¢ Z — R U{+00}. We assume that the affine composite function,

Tz € X > (po A)(z) = ¢(20 + Lz) € R U {400},
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is proper and minorized. To each y € kerL* N (¢*)”!(R) we associate the
nonnegative real number

8(y) = 0" (y)— < 20,y > +inf po A.

We then have, for any ¢ > 0 and any y € ker L* N (¢*)"}(R),
e-argmin poA = {z € X : p(20+Lx)— < z0+Lz,y > +¢*(y) < e+6(y)}
As the function p— <,y > +¢*(y) admits zero for infimum, we have,
g-argmingp o A ={z € X : 20+ Lz € (¢ + 6(y))-argmin(p— <,y >} .
Therefore, we have proved:

PROPOSITION 1.19. Let A : X — Z be an affine continuous mapping defined
by A(z) = L(x) + zp forany z € X, with L : X — Z linear, and ¢ : Z —
R U {+o0} a function. Assume that ¢ o A is proper and minorized. Then, for any
y €kerL* N (¢*)"Y(R) we have, foralle > 0,

g-argminp o A = A7Y((e + 8(y))-argmin(p— <,y >)),

where 6(y) = ¢*(y)— < z0,y > +infx po A.
When ¢ is convex and ¢ is finite and continuous at a point of A(X) there exists
y € ker L* N dom ¢* such that ([22]) 6(7) = 0. In such a case we obtain:

COROLLARY 1.20. Let A,L, ¢ be as in Proposition 19. Assume, moreover,
that ¢ is convex, finite and continuous at a point of A(X). Then, there exists
y € ker L* N dom o™ such that, for all ¢ > 0,

e-argminp o A = A~} (e-argmin(p— <, 7 >)) .

2. Approximate Subdifferential Calculus

2b. COMPLEMENTS ON THE APPROXIMATE SUBDIFFERENTIALS OF AN INE-
CONVOLUTION AND AN IMAGE FUNCTION ‘

In this section X and Z are two £.c.s. paired in duality with W and Y’ respectively,
L : X — Z alinear continuous operator, L* : Y — W its transpose. We will give
new results about the approximate subdifferentials of the inf-convolution of the
proper functions f,g: X — R U {+oc0}:

(fog)(z) = ilelg{(f(:r:—u)+g(u)) forall ze X . (8)

u
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Also, we consider the image of f under L (e.g. [21] p. 38), namely:
fo(z) =inf{f(u): Lu=2} forall z€ Z. 9)

When the infima are attained in (8) and (9), that is when there exist u1,uy € X
such that,

(fOg9)(=) = f(@ ~u1) +g(w1) € R,
fo(z) = f(uz) €R with Luy=z2,

then, the approximate subdifferentials can be expressed as follows ([9]),

o.(fog)(z) = U O, f(z — 1) N O, 9(w1) , (10)
O f(2) = (L*)_l(aef(UZ)) . (11)

In such a case, we observe that the knoweldge of the approximate subdifferentials
of f and g (resp. f) at a well chosen point is sufficient for computing 8. (f Og)(z)

(resp. 8 fL(2)).
Recently, the case when the infima in (8) and (9) are not attained has been

investigated in [12], [19]. It appears that the knowledge of f and g (resp. g) at
many points is required: namely,

o(fog)(x) =) U oflz—u) ndgu) ([12] Thm. 1.1);

e>0 ueX

8efr(z) =) U @) @ersf@) =) [} T (Oetsf(u))

6>0 Lu=z >0 ueS(8)
(18], Thn. 1),

with S(6) := {u € X : Lu = 2z, f(u) < fr(2) + 6}. The next propositions show
that, in spite of the fact that the infima are not necessarily attained in (8) and (9),
formulas similar to (10) and (11) hold (for the convex case see also [14] Thm
42.8).

PROPOSITION 2.1. Let f,g : X — RU{+o0} be proper functions and x a point
of X where (f Og) (z) is finite. Then, foranyu € X suchthat f(z—u)+g(u) € R,
we have, forall e > 0,

&(fog)z) = |J 8.f(z—w)Nd,gu),

£120,6220
e1tey=e+8

where § :== f(z —u) + g(u) — (fOg)(z).
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Proof. Taking into account the classical formula (fOg)* = f* + ¢g*, we have
w € :(f0g)(x) iff (see (1))

fHw) + g% (w)— < z,w > +(fOg)(z) <,
that is
[ffw)— <z —u,w>+flz—u)]+[¢"(w)— <u,w>+g(u)] <e+6.

By Fenchel inequality the numbers into the brackets are nonnegative. Hence, by
(3), the above line is equivalent to the existence of 7 > 0,e2 > 0,e1+¢e2 = e+ 6,
such that,

fflw)= <z —ww>+f(z-u) <e, g°(w)— <w,w > +g(u) < ez,

or, in other words, w € &, f(z — u) N J;,(u). -
In the same way one has (see also the proof of Cor. 2 in [19]):

PROPOSITION 2.2. Let f, L be as above, and z € (f)"'(R). Then, for any
u € X suchthat Lu = z and f(u) € R, we have, foralle > 0, '

8 fr(z) = (L*) " (Oetsf (),

where § .= f(u) — fr(2).
Proof. From the well known formula (fr)* = f* o L*, it follows that y €

0: fL(2) iff,
fHL*Y)— < z,y > +fr(z) <e,

that is,
f*(L*y)— < Lu,y > +f(u) = f*(L*y)— <u,L*y > +f(u) <e+6.
This says exactly that L*y € 8,15f(u), ie.y € (L*) "1 (0.psf (u)). .

2.2. SUBDIFFERENTIAL OF AN UPPER ENVELOPE OF CONVEX FUNCTIONS

Let us consider an arbitrary family (f,)ac4 of proper convex functions defined on
a topological vector space X. There exists a formula, due to Valadier [25], for the
subdifferential of the upper envelope,

f=sup fo,
acA

atany point z € X where f is finite and continuous. In the case when X is normed
this formula may be written,

af(z) = ﬂ ¢ {0fa(u) € Ay, u€xz+nB},
n>0
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where,

Ay ={a € A: fo(z) 2 f(z) = n},

and B is the unit ball of X.

It has been shown in [29] that 3f(z) can be expressed in terms of the approxi-
mate subdifferentials of the f, at the same point x. The proof in [29] is based on
Valadier formula. Here we propose a direct proof which uses our previous results
about -argmin calculus, but we restrict ourselves to the finite dimensional case
X = R™. We retain the same hypothesis, that is,

f is finite and continuous at z € R™ .

It follows that there exists an open neighbourhood V' of z such that each f, is
majorized on V' and, consequently,

fa(u) = f2*(u) Va€ A, YueV .
Due to the local character of the exact subdifferential, we then have,

0f(x) = (SUP [ () .

Now let us set,
= inf fX.
p = inf fa
One has,

=sup fo",
a€A

and, by Proposition 0.2,

df(xz) = argmin (¢**— < z,.>)
= argmin (p— < z,. >)**
= argmin (i‘eﬁ%)** , (12)

where,
¢a :=f;_ <IL‘,. > 3
so that, for any n > 0,

n-argmin Yo = 9, f5"(z) = Opfa(z) . (13)

Let us introduce the function,

v= 1 v
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As ¢ and its £.s.c. hull 1 have the same closed convex hull, one has by (12),

9f(z) = argmin(z)™ .

Now, the continuity of the convex function f at x € dom f amounts to the existence
of € > 0 and ¢ € R such that,

f < I:E+EB —C, (14)

where, for any v € R", I, 4.p(u) = 0if z — u € € B, +oco if not.
By taking the Fenchel transforms in both member of (14) we get,

P2 f-<z.>2ellll+e,

so that 1 does satisfy the condition (5) required in Proposition 1.14.
Hence we have,

df(z) = coargmin v ,
and, by Proposition 1.13,

Of(x) = co ﬂ g-argmin ) C ﬂ €o(e-argmin ) .
>0 >0

Moreover, by lemma 1.7,

g-argmin ¢ C ﬂ U 7-argmin ¢, .
n>€ a€d,

From (13) we obtain,

df@myc (oo [ U falz).

e>0 N>E €A,

Finally, we get the more simpler inclusion,

f@mc (e |J dyfalz).

n>0 a€A,

A very nice thing is that the reverse inclusion holds ! As a matter of fact we do
have foranyn > 0, a € A4,

6nfa(-'1") C Oy f(z) .
Indeed, w € 8, fo(x) entails, for all u € R™,

f(u) > fo(u) > folz)+ <u—z,w > —ﬂZf(:E)+‘< u—z,w > —27.
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As Oy, f(x) is closed convex, it ensues that,

co U Opfa(x) C O f(2),
acA,
and the announced inclusion follows by taking the intersection over alln > 0.
Hence we have proved:

THEOREM 2.3. Let (fo)aca be a family of proper convex functions on R™.
Assume that,

f=sup fo
a€A

is finite and continuous at a given point x of R™ . Then,

of(z) = ﬂ o {0y fa(x) 1 € Ay}, (15)

n>0

with Ay = {a € A: fo(z) > f(z) —n}.
The formula (15) can be simplified in the following situations:

THEOREM 2.4. Let (fo)aca, f» and x be as in Theorem 2.3. Assume, moreover,
that the function,

yeR" — élelg fa(y) isdsc..
Then,
8f(z) =[] co{Oyfalz) € Ay} .

7>0

If, in addition,
Vy € 0f(z), 3IpeA:inf fily)=f5),
then,

df(z) = co U Ofa(z),
aE€Ag
where, foranyn >0, A, ={a € A: fo(z) > f(z) —n}.
Proof. By assumption, the function ¢ = infacs Yo, Yo = fi— < z,. >, is
{.s.c. Following the same way as in Theorem 2.3 we obtain,

Of(xz) = coargmin ¢ C ﬂ co U n-argmin ¥, ,
n>0 a€Ay,
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hence,

0f@) ) co | Onfala) C [ Bafle) = 0f(x) .

n>0 a€Aq n>0

To prove the second formula, we use the second part of Lemma 1.8, noticing that
argmin ¢ C of(x):

Of(z) = coargmin ¢ = co U argmin 1),
acAy

= co U Ofa(z) . "

a€Ay

REMARK. A standard way to satisfy the assumptions of the above Theorem is to
suppose that A is a topological compact space, and for each z € R™, the function
a € A — fo(2) is upper-semicontinuous. Such a condition is used in [13]
Theorem 4.4.2 to obtain the second formula in Theorem 2.4. Here, our proof is
totally different.

When dealing with the upper envelope of just two £.s.c. convex functions from
R™to RU {+o0},

fzmax(flafZ):flvf27

another formula may be derived from the argmin formula (7).
Let us assume that f is finite and continuous at some point T of R™. In other
words,

>0, FIceR: f<Iz.p-c,
or, equivalently, with f{* A f5 = min(f}, £5),
INf—<Z,.>> f"—<T,.>>¢|||| +c.

This means that f} A f5 is epi-pointed in the sense of [4].
Let us now consider z € dom f; N dom f, such that,

fi(z) = fa(z)
and set,

Vi =fl-<uz,.> (t=12).
By (7) we then obtain,

argmin(y A 9f2)*™ = co argmin(y; A¢2) + co argmin(e; A ¢2)eo . (16)
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Now we have, by introducing the asymptotic cone,

Aoo = m [O’E]A s

e>0

of a subset A of a topological space ([5], [6], ...), and denoting by E(¢) the epigraph
of a functional ¢,

E(1 Ah2)oo = (E(¥h1 At2))oo (see, e.g. [6])
= (BE(¢1) U E(¥2))o
=E(W1)o UE(2)eo  ( [8]Prop.12).
Consequently,
(1 A2)oo = (W1)o A (Y2)oo  (seealso [4]) . (17)

On the other hand, the functions 11, %2, (¥1 )oos (¥2) 0o admit zero for infimum. By
(16) and (17) we then obtain, '

argmin(y1 A1) =

co(argmin v U argmin ¢,) + co(argmin(y1)ec U argmin(y2)eo) -

Now, for: = 1,2,

argmin v; = 8fi(x) (see Prop. 0.2)) ,
while (1;)c is the support function (e.g. [15]) of

dom ¢ = —z + dom f; .
From this fact, we get,

argmin(v;)eo = {w € R™ : Yu € dom fj :< u —z,w > < 0},
the normal cone of f; at = (e.g. [15]):

argmin(t;)oo = N(dom f;, ) .
As,

co(N(dom f1,z) U N(dom fa,z)) = N(dom f1,z) + N(dom f,z),
we can state:

THEOREM 2.5. For any {.s.c. convex functions f1, f2 from R™ to R U {+o00},
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finite and continuous at a same point, we have, at each point z of R™ such that
fi(z) = fal=),
8(f1 \% fz)(.’L‘) = co(8f1 (.’L‘) U afz(.’l,')) + N(dOIIl f1, .’L‘) + N(dom 12, .’L‘) .
REMARKS. 1) If f; and f, are finite and continuous at z, then N(dom f,z) =
N(dom f,,z) = {0}, and we recover a classical formula ([7]).
2) For a possible extension and improvement of Theorem 2.5 to infinite dimen-

sional spaces see [29] Th. 2, [27], Th. 6 bis.

2.3. SUBDIFFERENTIAL OF A DECONVOLUTION

Of course, Theorem 2.3 can be applied to compute the subdifferential of the decon-
volution (see Section 1) of two proper functions f,g on R™. In such a case, we
have to take A = dom g and, forallu € A,

ful) = £+ v) —g(u).
Assuming f convex and f Hyg finite and continuous at = we then obtain,

a(fag)(z)= (N @ |J oflz+u),

7>0 U€EA;,

with A) = {u € R™: f(z +u) —g(u) > (fBg)(z) —n}.
Moreover, noticing that, for any y € R”,
inf (fu)"(y) =f*(w)+ inf (g9(u)— <u,y>)
u€ dom g u€ dom g
=f"y) -9,

we can applied the second formula of Theorem 2.4 provided f* — g* is assumed
to be £.s.c. and,

of@)c |J dg(w):=0g(R").
u€ dom g
In such a case we then have,

a(f8g)(z) = co |J 9f(z+u),

u€Ay

with Ag = {u €dom g : f(z +u) — g(u) = (fBg)(z)}.
We have therefore proved:

THEOREM 2.6. Let f and g be proper functions on R™, with f convex, f* — g*
L.s.c., and, dom f* C Og(R™). Then, at each point x of R™ where fBgq is finite
and continuous,

d(fag)x)= co |J df(z+u).

’LLEAO
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REMARKS. (1) The assumptions of Theorem 2.6 are universally satisfied when
g is £.s.c. and strongly coercive,

g(_u)_ — +OO ,
llull=+o0 ]l
for we then have dg(R™) = R"™.
(2) In Theorem 2.6, the functions,

u€R" — flu+2)—g(u), zeR",

are not necessarily u.s.c., so that the corresponding assumption of [13] Thm 4.4.2
is not satisfied.

Due to the specific form of the deconvolution, another approach is possible. For
this, we shall assume that f and g belong to T'y(X), where X is a £.c.s. paired in
duality with another £.c.s. W . It has been shown in [28] that, in the special case
when g* is continuous and finitely valued and f* — g* is convex, 0f Hg appears
to be the parallel star difference of 0f and 9¢g. Namely:

w € d(fBg)(r) <z € f*(w) z Ag*(w) .

More explicitely,

o(fBg)(z) ={w e W :z+39g"(w) C f*(w)}
={weW:Vue X :wedg(u) = wedf(z+u)},

so that w does not belong to d(fBg)(z) iff there exists v € X such that w €
dg(u) N (W \ 8f(z + u)).

Hence we have proved:

PROPOSITION 2.7. Let X,W be L.s.c. in duality, f, g € I'o(X). Assume that g*
is finite over W and that f* — g* € To(W). Then, forall z € X,

a(f8g)(z) = () df(z+u)U (W \ dg(u)) .

ueX

Concerning the approximate subdifferentials one has:

PROPOSITION 2.8. Let f,g € T'o(X), and assume that f* — g* € To(W).
Then, for any e > 0,

8:(fB9)@) = (] [ Geaaflz+u) U (W \ drg(u)) - (18)

A>0 ueX
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Proof. As f* — g* € T'o(W), it follows that ([10]) ,
(fBg)" =f"—g".
Hence, foreach e > 0,
w € 0,(fBg)(z) <=z € 0:(f" — g")(w) .

Applying ([16], Thm. 1), we get,

3 (f* = g")(w) = () eprf*(w) = Brg*(w)
A>0

so that, following the same lines as for ¢ = 0, we obtain (18).

When the stringent assumption f* — ¢g* convex is not satisfied, one must take
another way. We still assume that f and g belong to I'g(R™) and, in addition, that

h = fBg is finite and continuous at z € R™ . (19)

Now,

Oh(z) = argmin h*— < z, . > (as h € TH(R™))
= argmin(f* — g*— < z,. >)*  (as h* = (f* — ¢*)**)
= co(argmin(f* — g*— < z, . >)) (by(19) and Proposition 1.14)

For any v € dom g (whence = 4 u € dom f), let us introduce the functions,
p=ff"—<z+u,.>, Yv=g"—<u,.> .

We have infrn ¢ = —f(z 4 u), infrn ¢ = —g(u), r-argming = 8, f(z + u)
s-argminy = 05 g(u), so that, by Proposition 1.2,

argmin(p —9) = co [} |J &-f(z+u)\ dsg(u),

n>0 >0
with,
si=r—n+(f8g)(x) - f(z+u)+g(u) . (20)
It follows that,
Oh(z) C ﬂ co U Orf(x+u)\ 9s9(u) . (21)

n>0 r>0

To prove the other inclusion in (21), let us take § > 0, r > 0, and u € dom g;
forany w € O, f(z 4+ u) \ 9s9(u) there exists v € R™ such that for all z € R™:

flo+z)—fz+u) ><v+z—z—u,w>—r
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g(u) —gv) ><u—v,w>+s.

Taking into account the value of s given by (20), we deduce,
h(z) > flo+2z)—gv) 2< z—u,w > +h(z) — 7,

hence w € 8,h(z). Consequently, for any > 0, we have,

U O f(x +u) \Bsg(U) - 87]h(m) ’

r>0

and, as O,h(x) is convex,

co U O f(x +u) \ Osg(u) C Oph(z) .
>0

Taking the intersection overall 5 > 0, we get the opposite inclusion to (21). Hence
we have proved:

THEOREM 2.9. Let f, g be proper convex £.s.c. functions on R". Assume that
the deconvolution f Bgq is finite and continuous at x € R™. Then, for any v € dom

9
o(fag)(x) =[] co |J 8 f(z+u)\8sg(u),

n>0 r>0

withs:=r—1n+ (fB8g)(x) jf(m+u)—|—g(u) .

REMARK. If the deconvolution is exact at x, that is if there exists © € dom g such
that f(z + u) — g(u) = (fBg)(z), it comes,

8(f89)@) = ] co U 8:f(z+w)\ &nglu).

n>0 r>0
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